Photonic crystals have provided a controllable platform to examine excitingly new topological states in open systems. In this work, we reveal photonic topological corner states in a photonic graphene with mirror-symmetrically patterned gain and loss. Such a nontrivial Wannier-type higherorder topological phase is achieved through solely tuning on-site gain/loss strengthes, which leads to annihilation of the two valley Dirac cones at time-reversal-symmetric point, as the gain and loss change the effective tunneling between adjacent sites. We find that the symmetry-protected photonic corner modes exhibit purely imaginary energies and the role of Wannier center as topological invariant is illustrated. For experimental considerations, we also examine the topological interface states near a domain wall. Our work introduces an interesting platform for non-Hermiticity-induced photonic higher-order topological insulators, to which, with current experimental technologies, can be readily accessed.
Photonic crystals have provided a controllable platform to examine excitingly new topological states in open systems. In this work, we reveal photonic topological corner states in a photonic graphene with mirror-symmetrically patterned gain and loss. Such a nontrivial Wannier-type higherorder topological phase is achieved through solely tuning on-site gain/loss strengthes, which leads to annihilation of the two valley Dirac cones at time-reversal-symmetric point, as the gain and loss change the effective tunneling between adjacent sites. We find that the symmetry-protected photonic corner modes exhibit purely imaginary energies and the role of Wannier center as topological invariant is illustrated. For experimental considerations, we also examine the topological interface states near a domain wall. Our work introduces an interesting platform for non-Hermiticity-induced photonic higher-order topological insulators, to which, with current experimental technologies, can be readily accessed.
I. INTRODUCTION
Topological phases and topological phase transitions in fermionic and bosonic systems, described by Hermitian Hamiltonians, have attracted great interests in past three decades [1] [2] [3] . Recent studies have revealed that topological phases can be extended to non-Hermitian systems beyond the scope of closed systems [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Especially, the interplay between non-Hermiticity and topological states leads to unique properties that have no counterparts in Hermitian systems [20, 21] . While the non-Hermitian parameters are hard to tune in most classical or quantum systems, optical and photonic systems [22] [23] [24] [25] [26] [27] [28] provide controllable platforms to investigate non-Hermitian physics, in which the real and imaginary parts of the eigenenergy of a photonic mode are related to its frequency and amplifications/attenuations over time.
Photonic graphene, described by a two-dimensional (2D) honeycomb lattice consisted of optical cavities, exhibits various interesting features and thus, have been intensively studied in past decades [3, [29] [30] [31] [32] [33] [34] [35] [36] [37] . It also enjoys significant advantages in terms of tunability of lattice geometry and cleanness (absence of disorder or nonlinear interaction). Photonic graphene mimics a semimetal with two inequivalent gapless Dirac cones carrying opposite Berry phases ±π. The local stability of Dirac points is guaranteed by time-reversal as well as inversion symmetries, while the global stability is protected by C 3 symmetry. By projecting Dirac points onto zigzag edges, there raise the chiral surface states, which have been observed in both electronic and photonic systems [38, 39] . In particular, the artificial photonic lattices provide an ideal platform for the simulation of non-equilibrium open systems with gain and loss. The photonic graphene with * wuyajie@xatu.edu.cn † junpeng.hou@utdallas.edu balanced gain and loss has been studied in previous work and it is found that topologically-protected edge states with non-degenerate purely imaginary energies appear along the zigzag edges [37] .
More recently, a new type of topological phase, dubbed higher-order topological state, was proposed [40] [41] [42] [43] . Photonic systems provide a powerful experimental platform for higher-order topological insulators [44] [45] [46] [47] . Formally, d-dimensional r th -order topological phases host (d − r)D topologically-protected edge states. For instance, a 2D/3D second-order topological insulator (SOTI) hosts zero-energy corner/hinge states while the r = 1 cases reduce to the conventional topological insulators. The fate of higher-order topological corner states in open systems then becomes an important and intriguing question. Previous studies have employed either asymmetric intracell hopping [48, 49] or onsite gain/loss [50] to induce corner states based upon the 2D generalization of Su-Schrieffer-Heeger model on a square lattice [40] .
In this paper, we enrich the family of non-Hermitian photonic SOTIs by proposing a minimal Wannier-type SOTI, solely induced by mirror-symmetric gain and loss, in photonic graphenes. We show that the photonic semimetal phase can be driven into a Wannier-type SOTI phase through tuning a stronger onsite gain/loss rate. Such a system hosts photonic corner modes and is characterized by a nontrivial topological invariant, known as the Wannier center or photonic polarization.
The paper is organized as following. In Sec. II, we introduce a photonic graphene lattice with mirrorsymmetric gain/loss and analyze relevant symmetries of the non-Hermitian Hamiltonian. In Sec. III, we study how the band structure changes with respect to increasing gain/loss strength and show there is a topological phase transition from a photonic semimetal to a photonic Wannier-type SOTI, characterized by nontrivially quantized Wannier center [43, 51] . In Sec. IV, we examine the photonic higher-order topological corner states, and topological interface states at the domain wall of two non-Hermitian photonic graphene. Finally, we make relevant discussions and draw conclusions in Sec. V.
II. PHOTONIC GRAPHENE WITH A PATTERNED GAIN AND LOSS
We consider uniformly coupled optical cavities on a honeycomb lattice, forming the photonic graphene. Each unitcell consists of four coupled resonators as shown in Fig. 1 (a) . A mirror-symmetrically imaginary onsite potential (−iγ a , iγ b , iγ b , −iγ a ) is introduced along x and we denote t as the bare coupling between nearest-neighbor cavities i m , j n . The single-particle Hamiltonian is written as H = H 0 + H NH and the Hermitian part reads
where γ m=1,4 = γ a and γ m=2,3 = −γ b describing the patterned gain and and loss. The operator a † im creates a photonic cavity mode at site i m . Note that, the non-Hermitian potential enlarges the unitcell of the usual honeycomb lattice and the Bravais vectors are now given by a 1 = (3, 0) and a 2 = 0, √ 3 , as illustrated in Fig. 1(a) . The first Brillouin zone decreases correspondingly and it is sketched in Fig. 1(b) . Here, we set the lattice spacing of the graphene lattice to be unit. The total Hamiltonian H in momentum space can be written as H = k Ψ † k H (k) Ψ k in the basis Ψ k = (a 1,k , a 3,k , a 2,k , a 4,k )
T and
where
Im (β k ) = −t sin k x and γ ± = (γ a ± γ b ) /2. The notations σ x,y,z and τ x,y,z represent Pauli matrices while σ 0 and τ 0 are identity matrices.
In the absence of gain and loss (γ ± = 0), the Hamiltonian H describes the well-known graphene model with two stable Dirac points carrying geometric phases ±π. The local stability of the Dirac points is protected by inversion symmetry (P) and time-reveral symmetry (T ) while the global stability is guaranteed by C 3 rotational symmetry. In the presence of gain and loss, the C 3 symmetry is broken, but both P and T symmetries are respected when γ a = γ b . Hence, the system preserves PT symmetry as (PT )H (k) (PT )
In addition, there exist mirror symmetries along x and y,
where the former is crucial for the topological characterization of the nontrivial HOTI phase.
Without loss of generality, we consider the special case γ a = γ b = γ, namely, γ − = 0 and γ + = γ. The four bands in momentum space can be analytically solved as
where e k = 4t 4 cos 2 √ 3k y /2 cos 2 (3k x /2) − t 2 γ 2 . Compared to the two bands in a usual graphene model, the energy bands here are folded and the Dirac points shift to K and K due to the enlarged unit cell, as shown in Figs. 1(b) and 2(a 1 ). In the presence of gain and loss, there exist energy degeneracies E +,+ = E +,− and E −,+ = E −,− whenever e k = 0. This corresponds to an exceptional ring in momentum space, which is given by k E = 2 arccos [γ/ (2t cos (3k x /2))] / √ 3 and is depicted in Fig. 2 (b 2 ) and (c 2 ). For the eigenmodes inside the exceptional ring, we have e k > 0 while e k < 0 otherwise.
III. TOPOLOGICAL PHASE TRANSITIONS AND TOPOLOGICAL INVARIANTS
For each energy band E ±,± (k), we could rewrite it as
When the graphene lattice is free of gain and loss (γ = 0) , the energy bands are purely real and exhibit two Dirac points at K = 0, 2 √ 3π/9 and K = 0, −2 √ 3π/9 [see ]. Finally, when γ > γ c there opens an real-energy gap, which is plotted in Fig. 2(d 1 ) and (d 2 ) . Later, we will show that the phase transition described above has a topological nature. Based upon the symmetry analyses in Sec. II, the Hamiltonian H(k) preserves both PT symmetry and mirror symmetry along x. In particular, the reflection symmetry M x leads to the nontrivial quantization of "photonic polarization" along x direction. To formulate this as a bulk property, we construct a Wilson loop operator in = δ m,n δ k,k . We define
where ∆k x = 2π/N x with N x the number of lattice sites along x direction [52] . The Wilson loop operator is then W x,k = F x,k+Nx∆kx ...F x,k+∆kx F x,k . We define the topological invariant v x (k y ) = − i π Tr (ln W x,k ), forming the Wannier band. It is quantized under reflection symmetries. In the thermodynamic limit, the topological invari-
where where G x = π/3 and G y = π/ √ 3. In the absence of gain and loss, topological invariants are v x (k y ) = 1 if −π/ √ 3 < k y < −2 √ 3π/9 or 2 √ 3π/9 < k y < π/ √ 3 and v x (k y ) = 0 otherwise [see Fig. 2(a 3 ) ]. As the strength of gain and loss increases, we see the region with v x (k y ) = 1 enlarges along k y [see Fig. 2(b 3 ) ]. At the critical point γ c , v x (k y ) = 1 at any k y except the Dirac points K (K ). Finally, when γ > γ c , the real-energy gap opens, as shown in Fig. 2(d 1 ) , with the topological invariant v x (k y ) = 1 for all k y . At this time, the Wannier center of the Wannier bands is quantized to a nontrivial value (1/2, 0). Similar cases happen when γ < 0, and if γ < −γ c , the Wannier center becomes (−1/2, 0).
We would like to remark that the quantization of topological invariant v x is guaranteed by mirror symmetry along the x direction, and is robust against weak mirrorsymmetric perturbations (see Appendix A for more details).
IV. WANNIER-TYPE TOPOLOGICAL CORNER MODES AND INTERFACE MODES
We focus on a sample shown in Fig. 1(a) and tune the parameters so that it is in topological phase with Wannier center quantized to (1/2, 0). We first consider the case γ = 3.0 and the numeric results are plotted in Fig. 3(a 1 ) , where we observe two degenerate modes with purely imaginary energies. The corresponding particle density distributions are also plotted in Fig. 3(a 2 ) , which shows that the two modes are localized at two horizonal corners of the given sample. We refer to this phase as secondorder topological phase A (HOTA). Similarly, we find that the photonic topological corner modes also emerge when γ < −γ c . This phase is dubbed second-order topological phase B (HOTB), and togther with HOTA they are illustrated in the phase diagram in Fig. 1(c) . So far, we have focused on the special cases where γ a = γ b . However from previous discussions, we have argued that the quantization of nontrivial topological invariant is protected by the mirror symmetry, which is also preserved when γ a = γ b . Thus, we would expect the system to be nontrivial even when γ a = γ b , as long as the bulk spectrum is gapped. We demonstrate this point by showing the photonic corner modes in Fig. 3(b 1 ) and (b 2 ), where we set γ a = 4.0 and γ b = 6.8. This suggests that photonic corner modes are symmetry-protected and they are robust against any mirror-symmetric perturbation. Here, we also would like to remark that our model also satisfies a pseudo-anti-Hermiticity, H † (k) = −ηH (k) η, where η = σ z τ 0 . This symmetry can lead to a nontrivial topology via chirality in terms of pairwise eigenvalues, E and −E * . For a single corner state, it is also the eigenstate of the operator η. Therefore, the eigenenergy of the corner state satisfies E = −E * , which suggests that the real component of energy of the corner state must be pinned at zero.
As discussed above, a photonic graphene with appropriate gain and loss γ is a photonic higher-order topological insulator characterized by topological invariant (sign(γ)/2, 0). In the following, we consider two photonic graphene sheets separated by a domain wall, which is depicted in Fig. 4(a) . While the translation symmetry of graphene lattice is broken along x direction, the translation symmetry is respected along y. Hereafter, we consider k y as a system parameter and treat H(k y ) as one dimension. The system Hamiltonian then becomes 
where ξ ky = t 1 + e i √ 3ky and the domain wall structure is given byη m=1,4 = −η m=2,3 = 1 (left-hand side of the domina wall) andη m=1,4 = −η m=2,3 = −1 (righthand side), as sketched in Fig. 4(a) . The energy spectra of the system are given by
We set the strength of gain and loss so that both photonic graphene sheets are in the topological phases, where the left and right one are HOTA and HOTB respectively. Through numeric calculations, we find localized states with purely degenerate imaginary energy at the interface, i.e., the states with negative (positive) imaginary energy localize at the left-hand (right-hand) side of the domian wall, as shown in Fig. 4(b) and (c). This confirms that the two topological phases (HOTA and HOTB) indeed exhibits different (in this case, opposite) topological properties and such a setup can be used for experimental study of photonic HOTI in photonic graphene.
In such a domain-wall structure, we may also consider the general imaginary potential (−iγ a , iγ b , iγ b , −iγ a ) with γ a = γ b and the numeric calculations confirm the existence of topological localized interface modes. Finally, we also consider mirror-symmetric perturbations and find that, although the energies of bulk states varies, the photonic topological interface states with purely imaginary energy remain. In this sense, the topological interface states is symmetry-protected.
V. DISCUSSION AND CONCLUSION
Mirror-symmetric onsite gain/loss brings about the real-energy gap in photonic graphenes and gives rise to localized photonic corner states with purely imaginary energy. Physically, this arises from the fact that the onsite imaginary potentials change the effective coupling between nearest-neighbor cavities, rendering an effectively anisotropic 2D photonic crystals. With increasing strength of gain and loss, the effective anisotropy of the photonic graphene grows. Correspondingly, the two Dirac cones (with opposite Berry phases) approach each other and annihilate at high-symmetry point, leaving a gapped insulator phase, which tends out to be a photonic Wannier-type HOTI phase [43, 51] .
Our proposal provides a realistic scheme to realize photonic topological corner states in photonic graphene. Moreover, it offers an accessible platform to study higherorder generalization of the topological insulator laser, which has been experimentally implemented in similar photonic crystal [53] [54] [55] [56] . Topological corner modes show negative imaginary parts. They can be promoted to lasing mode using high-Q cavities in visible or near-infrared range, and directly be imaged in real space when properly excited [54] .
We also remark that although the PT symmetry is respected in our system when γ a = γ b , our discussion here is irrelevant to the PT -symmetric photonics studied in previous work [24] . In their setups, while PT is respected, both P and T are broken individually. Our gain/loss-dressed photonic graphene always preserves P (as well as M x ) symmetry even when γ a = γ b and it is known that spatial symmetry is crucial for stabilizing higher-order corner modes [41, 43] . In previous works, the topological properties of the PT -symmetric systems usually originate from the Hermitian parts of Hamiltoinians [57] [58] [59] [60] , but in our work non-Hermitian parts (patterned gain and loss) are crucial to induce the nontrival phase. Moreover, current PT -symmetric topological systems concern mainly 1D systems and the discussion of PT symmetry is limited to conventional topolog- ical phases [7, 23, 55, 60, 61 ], but our model presents a 2D higher-order counterpart.
In summary, we have revealed Wannier-type higherorder topological states in photonic graphenes with mirror-symmetric gain and loss.
The symmetryprotected topological corner modes and interface modes are robust against perturbations respecting underlying symmetries. Our proposal does not require finely tuned spacing or cavity structures and thus, can be easily practiced in experiments.
